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In fact, many engineering and practical problems, such as the three-dimensional frictional contact problems \[[@CR1]\] and the robust Nash equilibria \[[@CR2]\], can be changed into SOCCP directly. In addition, as the special case of the SOCCP, some basic theory, effective algorithms, and important applications of complementarity problems in engineering, economics have been developed. However, in practice, several types of uncertain data such as weather, supply, demand, cost, etc. may be involved in SOCCP. The stochastic problems are aimed at a practical treatment of such problems under uncertainty. It is well known that stochastic second-order-cone complementarity problems (SSOCCP) are more complicated than SOCCP and they have found applications in more fields. Therefore, it is meaningful and interesting to study the general SSOCCP.

In this paper, we consider the following SSOCCP: Find vectors $\documentclass[12pt]{minimal}
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Note that problem ([1.3](#Equ3){ref-type=""}) may not have a solution in general. There have been proposed three ways to deal with ([1.3](#Equ3){ref-type=""}). One way was suggested by Gürkan et al. \[[@CR3]\], who used an expectation of $\documentclass[12pt]{minimal}
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Motivated by the above work, we will propose a reformulation of SSOCCP for giving reasonable solutions of SSOCCP. In the rest of this paper, we assume that Ω is a nonempty compact set. We will often write $\documentclass[12pt]{minimal}
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The remainder of the paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, some preliminaries are given and a smoothing sample average approximation problem is presented. The convergence analysis of global solution and weak stationary point of this approximation problem are established in Sect. [3](#Sec3){ref-type="sec"} and Sect. [4](#Sec4){ref-type="sec"}, respectively. Moreover, the conclusions are given in Sect. [5](#Sec5){ref-type="sec"}.

Deterministic reformulation and its approximation problems {#Sec2}
==========================================================
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Motivated by the work of Chen and Fukushima \[[@CR4]\] for the special case of SSOCCP, we propose the following deterministic formulation for SSOCCP, called the ERM problem below, in which we try to find a vector $\documentclass[12pt]{minimal}
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                \begin{document}$$ \min_{(x,y,z)} \theta_{\mu}(x,y,z):= \mathbb{E} \bigl[ \bigl\Vert F(x,y,z,\xi) \bigr\Vert ^{2}+ \bigl\Vert \phi_{\mu}(x,y) \bigr\Vert ^{2} \bigr]. $$\end{document}$$

Since an expectation function is generally difficult to evaluate exactly, we employ a sample average approximation (SAA) method for numerical integration to solve ([2.2](#Equ5){ref-type=""}). Thus, by taking independent identically distributed (i.i.d.) samples $\documentclass[12pt]{minimal}
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For the sample average approximation method, the strong law of large numbers guarantees that the following result holds with probability one (abbreviated by "w.p.1.").

Lemma 2.1 {#FPar1}
---------
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It is generally known that the boundedness of an iteration sequence is the basic requirement in the iteration methods for solving various optimization problems. To ensure the boundedness of the iteration sequence of problem ([2.1](#Equ4){ref-type=""}), it is essential to take the level sets of $\documentclass[12pt]{minimal}
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Theorem 2.1 {#FPar2}
-----------
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Proof {#FPar3}
-----

It is easy to obtain the conclusion from Lemma 3.5 of \[[@CR9]\]. In addition, more details about Jordan algebra associated with SOCCP also can be seen in \[[@CR9]\]. □

Convergence of global optimal solution {#Sec3}
======================================

In this section, we will show that the global solution sequence of smoothing approximation problem ([2.2](#Equ5){ref-type=""}) converges to the global solution of the true ERM problem ([2.1](#Equ4){ref-type=""}). Then we will consider that the global solution sequence of smoothing SAA approximation problem ([2.3](#Equ6){ref-type=""}) converges to the global solution of the so-called true problem ([2.1](#Equ4){ref-type=""}) when the smoothing parameter tends to 0^+^ as sample size increases to +∞.
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Theorem 3.1 {#FPar4}
-----------
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Proof {#FPar5}
-----

Let *D* be a compact convex set containing the sequence $\documentclass[12pt]{minimal}
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Theorem 3.2 {#FPar6}
-----------
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Proof {#FPar7}
-----
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                \begin{document}$(\gamma^{ki}_{x}(\mu_{k}), \gamma^{ki}_{y}(\mu _{k}), \gamma^{ki}_{z}(\mu_{k}))\in A$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha_{ki}\in[0,1]$\end{document}$ such that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\|\cdot\| _{\mathcal{F}}$\end{document}$, and the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sqrt{A+B}\leq\sqrt{A}+\sqrt{B}$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A\geq0$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B\geq0$\end{document}$.

It then follows from Lemma [2.1](#FPar1){ref-type="sec"} and ([3.8](#Equ14){ref-type=""}) that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \biggl\vert \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}} \bigl\Vert F\bigl(x^{k}(\mu _{k}),y^{k}( \mu_{k}),z^{k}(\mu_{k}),\xi^{i}\bigr) \bigr\Vert ^{2}-\mathbb{E} \bigl[ \bigl\Vert F(\bar {x},\bar{y}, \bar{z},\xi) \bigr\Vert ^{2} \bigr] \biggr\vert \\& \quad \leq \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}}\sum _{t=1}^{n+l} \bigl\vert F_{t}^{2} \bigl(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}( \mu_{k}),\xi^{i}\bigr)-F_{t}^{2}\bigl( \bar{x},\bar {y},\bar{z},\xi^{i}\bigr) \bigr\vert \\& \qquad {} + \biggl\vert \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}} \bigl\Vert F\bigl(\bar{x},\bar {y},\bar{z},\xi^{i}\bigr) \bigr\Vert ^{2}-\mathbb{E} \bigl[ \bigl\Vert F(\bar{x},\bar{y},\bar {z},\xi) \bigr\Vert ^{2} \bigr] \biggr\vert \\& \quad \leq 2C_{1}C_{2}(n+l)\frac{1}{N_{k}}\sum _{\xi^{i}\in\Omega_{k}} \bigl( \bigl\Vert \bigl(x^{k}( \mu_{k})-\bar{x} \bigr\Vert + \bigl\Vert y^{k}( \mu_{k})-\bar{y} \bigr\Vert + \bigl\Vert z^{k}( \mu_{k})-\bar {z}\bigr) \bigr\Vert \bigr) \\& \qquad {} + \biggl\vert \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}} \bigl\Vert F\bigl(\bar{x},\bar {y},\bar{z},\xi^{i}\bigr) \bigr\Vert ^{2}-\mathbb{E} \bigl[ \bigl\Vert F(\bar{x},\bar{y},\bar {z},\xi) \bigr\Vert ^{2} \bigr] \biggr\vert \\& \quad \xrightarrow{k\rightarrow+\infty} 0,\quad \mbox{w.p.}1. \end{aligned}$$ \end{document}$$ Similar to obtaining ([3.3](#Equ9){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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                \begin{document}$(\bar{x},\bar{y},\bar{z})$\end{document}$ is a global optimal solution of problem ([2.1](#Equ4){ref-type=""}). □

Convergence of weak stationary point {#Sec4}
====================================

We first give some definitions associated with a weak stationary point of problem ([2.1](#Equ4){ref-type=""}), then we show that the sequence of weak stationary point for ([2.2](#Equ5){ref-type=""}) converges to a weak stationary point for ([2.1](#Equ4){ref-type=""}) as $\documentclass[12pt]{minimal}
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Definition 4.1 {#FPar8}
--------------
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Definition 4.2 {#FPar9}
--------------
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Definition 4.3 {#FPar10}
--------------

For each fixed *μ*, a point $\documentclass[12pt]{minimal}
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                \begin{document}$(x(\mu),y(\mu),z(\mu))$\end{document}$ satisfying the following equation is called a weak stationary point of ([2.2](#Equ5){ref-type=""}): $$\documentclass[12pt]{minimal}
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Definition 4.4 {#FPar11}
--------------

For each fixed *μ* and *k*, a point $\documentclass[12pt]{minimal}
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                \begin{document}$(x^{k}(\mu),y^{k}(\mu),z^{k}(\mu ))$\end{document}$ satisfying the following equation is called a stationary point of ([2.3](#Equ6){ref-type=""}): $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}}\bigl[ \nabla_{(x,y,z)}F\bigl(x^{k}(\mu ),y^{k}( \mu),z^{k}(\mu),\xi^{i}\bigr)^{T}F \bigl(x^{k}(\mu),y^{k}(\mu),z^{k}(\mu),\xi ^{i}\bigr)\bigr] \\& \quad {} + \bigl(\nabla _{(x,y)}\phi_{\mu}\bigl(x^{k}( \mu),y^{k}(\mu)\bigr)^{T}\phi_{\mu}\bigl(x^{k}(\mu),y^{k}(\mu )\bigr),\mathbf{0} \bigr)=0. \end{aligned}$$ \end{document}$$

Especially, more details about weak stationary points can be seen in \[[@CR13]\].

Theorem 4.1 {#FPar12}
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                \begin{document}$(\tilde {x},\tilde{y},\tilde{z})$\end{document}$ *is a weak stationary point of problem* ([2.1](#Equ4){ref-type=""}).

Proof {#FPar13}
-----

Let **D** be a compact convex set containing the sequence $\documentclass[12pt]{minimal}
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Remark 4.1 {#FPar14}
----------
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                \begin{document}$\phi_{\mu}$\end{document}$ used in this paper is a special form of smoothing function considered in \[[@CR14]\].

Lemma 4.1 {#FPar15}
---------
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Proof {#FPar16}
-----

Let **A** be a compact convex set containing the sequence $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \Biggl\vert \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}}\sum _{t=1}^{n+l} \bigl(F_{t} \bigl(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}( \mu_{k}),\xi^{i}\bigr)\bigr)\cdot\frac {\partial F_{t}(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}(\mu_{k}),\xi^{i})}{\partial x_{j}} \\& \qquad {}-\mathbb{E} \Biggl[\sum_{t=1}^{n+l} \bigl(F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi) \bigr)\cdot \frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi )}{\partial x_{j}}\Biggr] \Biggr\vert \\& \quad \leq \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}}\sum _{t=1}^{n+l} \bigl\vert F_{t} \bigl(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}( \mu_{k}),\xi^{i}\bigr)-F_{t}\bigl(\tilde{x},\tilde {y},\tilde{z},\xi^{i}\bigr) \bigr\vert \\& \qquad {}\cdot \biggl\vert \frac {\partial F_{t}(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}(\mu_{k}),\xi^{i})}{\partial x_{j}} \biggr\vert \\& \qquad {} +\frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}}\sum _{t=1}^{n+l} \biggl\vert F_{t}\bigl( \tilde{x},\tilde{y},\tilde{z},\xi^{i}\bigr)\cdot\biggl( \frac {\partial F_{t}(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}(\mu_{k}),\xi^{i})}{\partial x_{j}}-\frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi ^{i})}{\partial x_{j}}\biggr) \biggr\vert \\& \qquad {} + \Biggl\vert \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}} \sum_{t=1}^{n+l} \biggl(F_{t}\bigl( \tilde{x},\tilde{y},\tilde{z},\xi^{i}\bigr)\cdot\frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi^{i})}{\partial x_{j}} \biggr) \\& \qquad {}-\mathbb{E}\Biggl[\sum_{t=1}^{n+l}F_{t}( \tilde{x},\tilde{y},\tilde {z},\xi)\cdot\frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi )}{\partial x_{j}}\Biggr] \Biggr\vert \\& \quad \leq (C_{5}+C_{6}) \bigl\Vert \bigl(x^{k}(\mu_{k})-\tilde{x}, y^{k}( \mu_{k})-\tilde{y}, z^{k}(\mu_{k})-\tilde{z}\bigr) \bigr\Vert \\& \qquad {} \cdot\frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}}\sum _{t=1}^{n+l} \biggl( \biggl\vert \frac{\partial F_{t}(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}(\mu_{k}),\xi ^{i})}{\partial x_{j}} \biggr\vert + \bigl\vert F_{t}\bigl(\tilde{x}, \tilde{y},\tilde{z},\xi^{i}\bigr) \bigr\vert \biggr) \\& \qquad {} + \Biggl\vert \frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega_{k}} \sum_{t=1}^{n+l} \biggl(F_{t}\bigl( \tilde{x},\tilde{y},\tilde{z},\xi^{i}\bigr)\cdot\frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi^{i})}{\partial x_{j}} \biggr) \\& \qquad {}-\mathbb{E}\Biggl[\sum_{t=1}^{n+l}F_{t}( \tilde{x},\tilde{y},\tilde {z},\xi)\cdot\frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi )}{\partial x_{j}}\Biggr] \Biggr\vert \\& \quad \xrightarrow{k\rightarrow+\infty} 0,\quad \mbox{w.p.}1., \end{aligned}$$ \end{document}$$ where the second inequality follows from ([4.8](#Equ26){ref-type=""}), ([4.9](#Equ27){ref-type=""}), ([4.10](#Equ28){ref-type=""}), ([4.11](#Equ29){ref-type=""}), and the last limit follows from Lemma [2.1](#FPar1){ref-type="sec"}, ([4.7](#Equ25){ref-type=""}), and ([4.8](#Equ26){ref-type=""}). This means the conclusion holds. □

Theorem 4.2 {#FPar17}
-----------
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Proof {#FPar18}
-----

Similar to the proof of Lemma [4.1](#FPar15){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{k\rightarrow+\infty}\frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega _{k}} \sum_{t=1}^{n+l}F_{t} \bigl(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}( \mu_{k}),\xi ^{i}\bigr)\cdot\frac{\partial F_{t}(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}(\mu_{k}),\xi ^{i})}{\partial y_{j}} \\& \quad =\mathbb{E} \Biggl[\sum_{t=1}^{n+l}F_{t}( \tilde{x},\tilde{y},\tilde {z},\xi)\cdot\frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi )}{\partial y_{j}} \Biggr],\quad j=1, \ldots,n, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& \lim_{k\rightarrow+\infty}\frac{1}{N_{k}}\sum_{\xi^{i}\in\Omega _{k}} \sum_{t=1}^{n+l}F_{t} \bigl(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}( \mu_{k}),\xi ^{i}\bigr)\cdot\frac{\partial F_{t}(x^{k}(\mu_{k}),y^{k}(\mu_{k}),z^{k}(\mu_{k}),\xi ^{i})}{\partial z_{j}} \\& \quad =\mathbb{E} \Biggl[\sum_{t=1}^{n+l}F_{t}( \tilde{x},\tilde{y},\tilde {z},\xi)\cdot\frac{\partial F_{t}(\tilde{x},\tilde{y},\tilde{z},\xi )}{\partial z_{j}} \Biggr],\quad j=1, \ldots,l. \end{aligned}$$ \end{document}$$ Noting ([4.6](#Equ24){ref-type=""}) and the gradient consistency of $\documentclass[12pt]{minimal}
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Numerical examples {#Sec5}
==================

In this section, we use random generator *rand* to generate a random sequence $\documentclass[12pt]{minimal}
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                \begin{document}$\{\xi^{1},\ldots,\xi^{N_{k}}\}$\end{document}$ of *ξ* and employ the Matlab unconstrained optimization command *fminunc* to solve the corresponding problems ([2.1](#Equ4){ref-type=""}) and ([2.3](#Equ6){ref-type=""}).

Example 5.1 {#FPar19}
-----------

Let *ξ* be the uniformly distributed random variable in $\documentclass[12pt]{minimal}
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Results and discussion {#Sec6}
======================

In this paper, we give a reasonable reformulation for solving SSOCCP, which is called ERM model. To solve this ERM model, we pay attention to two problems: one is how to handle the property of non-differentiability, the other is how to obtain the value of expectation for the objective function. We employ a smoothing technique and a sample average approximation method to deal with the problems. Further, we show that the global solution and weak stationary point of this smoothing sample average approximation ERM problem converge to those of the true ERM model correspondingly.
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